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Topic 1

Functions

(N09/P2/Q6)

A function f is defined by f:x+> e, where x > 0.

(1) State the range of f. [1]
(ii) Find an expression for f - [2]
(iii) State the domain of f". [1]

Thinking Process
(i) To find range # find f(x) for x > 0.

(i) To find =1 # let y=f(x) and express x in
terms of y.
(i) # Domain of f~'(x) = Range of f(x).

Solution

(1) Range of f: f(x) >l Ans.
e

() f(x)=e*!

Let f(x)=y

= y=e*"
Iny=Ine""
Iny=x-1

ety

O 7' (y)=1+In|y|
or f'(x)=1+ ln‘x‘ Ans.
(iii) Domain of ™' (x) = range of f(x)

0 domainoff™: x> l Ans.
e

(J10/P2/Q1207)

OR
The functions f, g and h are defined, for xOR, by

f(x)=x%+1,

g(x)=2x-5,

h(x)=2%
(i) Write down the range of f. [1]
(ii) Find the value of gf(3). 2]

(iii) Solve the equation fg(x) = g71(15).

—_
(9]
—

(iv) On the same axes, sketch the graph of y = h(x) and
the graph of the inverse function y = h~!(x), indi-
cating clearly which graph represents h and which
graph represents hl. [2]

Thinking Process

(i) To solve fg(x) = g~'(15) # find g~'(15).
(iv) Note that h='(x) is the reflection of h(x) in the
line y=x.

Solution
(i) fx)=x"+1

O rangeof f(x)is: f(x)=1 (Ans).
(i) ef3)=gB3*+1)

=g(10)
=2(10)-5=15 (Ans).

(i) Let g =y = x=g'(y)

+
g y=2x-5 = 2x=y+5 = ny—S
_ +5
- 1 =7
g (y) -
_ +5
g =222
g (0 3
also, fg(x)=f(2x-5)
=(2x-5)% +1
given that, fg(x)= g71(15)
+
= (2x—5)2+1:(15)2 >
= 4x*-20x+25+1=10
= 4x?-20x+16=0
= x*-5x+4=0
= (x-D(x-4=0
=

x=1 or x=4 (Ans).

(iv)
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3 (N10/P2/Q12 Either)

The functions f and g are defined, for x > 1, by

f(0)=(x+1)7 -4,

3x+5
g(x) = .
x—1

Find

i 129,

(ii) expressions for f ~!(x) and g'(x),
(iii) the value of x for which g(x) = g~!(x).

3]

—_
—

B

B

Thinking Process
(i) Find g(9). Substitute the value of g(9) into f.

(i) Let f(x) = y and make x the subject of formula.

(i) Find g~'(x) and solve.
Solution

(i) f)=(x+D)*-4,
39)+5 32
= =="=4
2(9) o—1 <
fg(9) =1(4)
=4+’ -4
=25-4=21 Ans.

(i) fx)=(x+1)* -4

Let f()=y = x=f7(y)

O y=(x+1)>-4
(x+1)*=y+4

x+l=t\[y+4

x=—li\/m

= f(y)=-1%y+4

O f'(x)=-1x/x+4

since x>1, = f'(x)=-1++x+4 Ans.

3x+5
g(x) =
x-1
Let g)=y = x=g"'(y)
+
0 y:3x 5
x—1
xy—y=3x+5
xy—=3x=5+y
x(y=3)=5+y
x:5+y
y-3
_ 5+
= gly=2"2
y-3
+
O g_'(x):5 i Ans.

x-3

(iii) g(x)=g'(x)
3x+5 _x+5

=

x-1 x-3
Bx+5)(x-3)=(x+5)(x-1)

3x% -9x+5x-15=x* —x+5x-5
2x* -8x-10=0

X’ =4x-5=0

(x=5)(x+1)=0

x=5 or x=-1

L A

since domain for f(x) and g(x) is x>1
O x=5 Ans.

(J11/P2/Q10)

(a) (i) Express 18 +16x—2x> in the form
a+b(x+c)?, where a, b and ¢ are integers.
(3]
A function f is defined by f:x - 18+16x —2x
for xOR.
(ii) Write down the coordinates of the stationary

point on the graph of y = f(x). [1]
(iii) Sketch the graph of y = f(x). [2]
(b) A function g is defined by g:x — (x+3)2 -7
for x>-3.
(i) Find an expression for g~!(x). [2]
(ii) Solve the equation g-!(x) = g(0). [3]

Thinking Process

(a) (i) # Apply completing the square method.
(i) # Use answer to part (i).
(i) To sketch the graph # use stationary point,
y-intercepts and x- intercepts.

(b) (i) # Let y = g(x), express x as the subject
of formula.

Solution

(@ (1) 18+16x-2x2
=18-2x% +16x
=18 -2(x* - 8x)
=18-2(x* —8x +4> —4%)
:18—2((x—4)2—16)
=18 -2(x—4)* +32
=50-2(x-4)> Ans.

(ii) From part (i), the coordinates of stationary
point is (4, 50) Ans.



‘0’ Additional Mathematics (7Topical)

Topic 1 Functions > Page 3

(iii) y=18+16x—2x"
at x=0, y=18 = y-interceptis (0, 18)
at y=0, 18+16x-2x>=0
x*=8x-9=0
x=-9)(x+1)=0
x=9 or x=-1
= x-intercepts are (9, 0) & (-1, 0)

turning point is (4, 50), and it is the
maximum point.

50
40
30

20

Express the following in terms of g, h and/

or k.
0 —1 [1]
**-D+5

(i)

+1 1
vy [1]

Liof 1 2 3 4 5 6 7 8 9N

B () gx)=(x+3)°-7
Let g(x)=y = x=g ()
O (x+32-7=y
(x+3)> =y+7
x+3:i\/yT7
x=—3i\/yT7
= =3+ fy+7
O  for the given domain,

g ') =-3+Jx+7 Ans.

(if) g (0 =g(0)
3+/x+7=2
Jx+7=5
x+7=25
x=18 Ans.

5 e

(a) It is given that f(x)= for x# -2, xOR.

2+x
(i) Find f"(x).
(i) Find f7'(x).
(i) Solve f?(x)=-1.
(b) The functions g, h and k are defined, for

—_— —
(ST (SN
=S S

xOR, by
X) = L, X% S,
g(x) 5
h(x) = x> -1,
k(x) = 2x + 1.

Thinking Process
(a) (i) Differentiate f(x) twice # Write ﬁ

as 2+x)7.
(i) Let y=1f(x), and express x in terms of y.
(i) To find f2(x) #Z find ff(x).

(b) (i) To express # substitute

1
(@=1+5
h(x) into g(x).

" 2 .
(i) To express X—+5+1 # substitute

g(x) into k(x).
Solution

@ () fx)= =Q2+x)"

2+ x
f'(x0)=(-D2+x) 7 =-2+x)7

f'(x)=2Q2+x)" = % Ans.

+x)3
(i) f(x)—L
2+x
Let f(x)=y = x=f"'(y)
1
O =
Y 2+x
y2+x)=1
2y +xy =1
xy=1-2y
1-2
y
= =2
y
a f_'(x)=1_2x for xZ0 Ans.
(i) f2(x)=-1
ff(x)=-1
1
f =1
(2+x)
1
— =1
1
2*(2Tx)
2+x _
4+2x+1
2+x=-5-2x
3x=-7

x= 7. -1 Ans.
3 3
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. [
b) @) P-1+3 gh(x) Ans.

. 2
1) ——+1=kg(x) Ans.
(i1) 2+5 g(x)

6 (J13/P2/Q3)

(a)

YA Y A
(0] ; 9 X

VA VA

[D]
AN >
@] X 0 \x
Y A )V 4

\'
=V

@

8 4

9

(i) Write down the letter of each graph which
does not represent a function. 2]
(i) Write down the letter of each graph which
represents a function that does not have an
inverse. 2]

(b)

The diagram shows the graph of a function
y =f(x). On the same axes sketch the graph of
y=f7"(). (2]

Thinking Process

(a) (i) Apply vertical line test i.e. if a vertical line
intersect the curve at two or more points
then it is not a function.

(i) Apply horizontal line test i.e. if a line parallel
to x-axis cuts a curve at two or more points
then it is many-to-one function and has no
inverse.

(b) f~'(x) is the reflection of f(x) in the line y = x

Solution

(@ (1) Aand E
(i) C and D

(b)

(N13/P1/Q12)

(@) A function f is such that f(x)=3x>-1 for

-10<x<8.

(1) Find the range of f. [3]

(i) Write down a suitable domain for f for
which 7! exists. [1]

(b) Functions g and h are defined by
g(x)=4e* -2 for xOR,
h(x) =In5x for x>0.
(i Find g™'(x). [2]
(i) Solve gh(x) =18. [3]

Thinking Process

(a) (i) To find range # equate f'(x)=0 to find the
y-coordinate of the turning point. Find
f(-10) and f(8).
(i) To find domain # find the set of values of
x for which f(x) is a 1-1 function.
(b) (i) Let y=g(x). make x the subject of formula.
(i) To solve gh(x) =18 # substitute h(x) into
9(x).
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Solution
(@ () fx)=3+"-1
f'(x)=6x

f'(x)=0
= 6x=0 => x=0

O f©0)=30)>*-1=-1

for turning points,

also, f(=10)=3(-10)> -1 = 299
£f(8) =3(8)> -1 =192-1 = 191

O range of f is:

(i x=0 Ans.

-1<f(x) €299 Ans.

Other suitable domain for which f ! exists are:
0<x<8 or -10<x <0

(b) () gx)=4e"-2
Let g)=y = x=g'(y)
0 y=de* -2

=Yt
4

=

= Ine'=In

y+2‘

y+2

= x(Ine)=In
(Ine) 2

‘ = x=In

y+2‘

y+2
4

= g'(»=h

x+2

O g_l(x) =In

‘ Ans.

(ii) gh(x) =18
= g(In5x)=18
4e'™r -2 =18
4(5x) =20
20x =20

x=1 Ans.

Alternative Answer :
gh(x) =18
h(x)=g™'(18)
In5x = ln(18 a 2)
4

In5x=In5
5x=5
x=1 Ans.

8

(J14/P2/Q11)

The functions f and g are defined, for real values of x
greater than 2, by

f(x)=2"-1,

g(x) = x(x+1).
(1) State the range of f. [1]
(ii) Find an expression for f (), stating its domain

and range. (4]

(iii) Find an expression for gf(x) and explain why the

equation gf(x) =0 has no solutions. [4]

Thinking Process

(i) Substitute of x=2 to find the corresponding least
value of f(x).

(i) Let y=f(x). make x the subject of the formula.

(i) Substitute f(x) into g to find gf(x). Equate gf(x)
to 0 and solve for x.

Solution
() f(2)=22-1=3

O rangeof f(x)is: f(x)>3 Ans.

() f(x)=2"-1
Let y =f(x)
= y=2"-1
2" =y+1
x=log,(y+1)

O f'(x)=log,(x+1) Ans.

= f7(y) =log,(y+1)

Domain of f7'(x): x>3

Range of f7'(x): f'(x)>2 Ans.

Domain of f™'(x) = Range of f(x)
Range of f “(x) = Domain of f(x)

(iii) gf(x)
=g(2" -1
=2 -D2 -1+
=2'(2*-1) Ans.

gf(x)=0

= 252 -1)=0

= 2" =0 (not possible) or 2*-1=0
2* =1
2% =90
x=0

Given domain for both functions is x> 2.
x =0 is not in the given domain. Hence
gf(x) =0 has no solution.
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Topic 18

Integration

(J09/P2/Q12 Or)

YA
Ly
y=e +5
pH c
A
H
0 B X

1
The diagram shows part of the curve y = 2" +5 cross-

ing the y-axis at A. The normal to the curve at A meets
the x-axis at B.
(i) Find the coordinates of B. 4]

The line through B, parallel to the y-axis, meets the
curve at C. The line through C, parallel to the x-axis,
meets the y-axis at D.

(ii) Find the area of the shaded region. [6]

Thinking Process

(i) # Find y coordinate of A by substituting x=0 in
the equation of curve.
# Differentiate y to find gradient of tangent at A.

_—1 and
grad. of tangent

find the equation of normal AB. Note that line AB
meets x-axis at B.

(iiy # Area of shaded region = (area of rectangle
— area under the curve).

# Apply, grad. of normal =

Solution
1
(1) y= 62 +5 e (1)
curve crosses y-axis at A
O atA x=0,

1
= y:ez(0)+5:6

0 coordinates of A are (0, 6)

differentiating eq. (1) w.r.t. x

dy _1 o

dx 2°

i . i—l o_1
gradient of tangent at A : o -2¢ =7

= gradient of normal = -2
equation of normal AB with gradient —2 and
passing through A(0, 6) is:
y—6=-2(x-0)

normal to the curve, cuts x-axis at B,
O put y=0, ineq. (2)
0=-2x+6 = x=3

0 coordinates of B are (3, 0) Ans.

from part (i), coordinates of B =(3, 0)

0  x-coordinate of C is 3,

3
subst. x =3, ineq. (1), y=e?+5

3
O coordinates of C are (3, e +5)
point D lies on y-axis and on a line parallel to

x-axis which passes through C.

3
O  coordinates of D are (0, e2 +5)

Area of shaded region
= area of rectangle OBCD — area under curve
3 x
= (OB)(OD) - [ (2 +5) dx
0
3 X 3
=3x(e? +5) —|:262 +5x}
0
3 3 0
=3e2 +15 —|:(262 +5(3)) —(2e2 + 5(0))}

3 3
=3e2+15-(2e2+15-2)

3 3
=3e2+15-2e%2-13

3
=e2+2=6.48 (3sf) Ans.
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2 (Noop10I2 On)
YA
y=x +cos2x
A
B
/ 0 x

The diagram shows part of the curve y = x + cos2x. The
curve has a maximum point at A and a minimum point at B.
(1) Find the x-coordinate of the point A and of the

point B. (6]
(ii) Find, in terms of 7, the area of the shaded region.

(5]

Thinking Process
(i) Differentiate y w.r.t. x. For stationary value, equate

dy =0 and solve.
dx

(i) Use integration to find the area of shaded region.

Solution

(i) y=x+cos2x

g=l—2sin2x
dx

for stationary values, dy =0
dx

= 1-2sin2x=0

basic angle a = %T

5

=77

6
5

= X=—7, —71T
12 12

0  x-coordinate of A = % v/

and x-coordinate of B = %IT Ans.

(ii) Area of the shaded region

5

I 2 (x+cos2x) dx
—T

_osm A (smy_ o 1 (7
144x2 6) 144x2 2 |6

2
_25m ilj T [1j
288 202) 288 202
_om 7 11
288 288 4 4
:24”2 =L Ans.
288 12

(NO9/P2/Q6)

(1) Given that y=x+4x+12, show that

+
dl =M, where k is a constant to be found.
dx  4x+12

(4]

5 3x+6

= dx
L Ax+12

(i) Hence evaluate

(3]

Thinking Process

(i) Apply product rule to differentiate the
given equation.

6
3x+6
i) To evaluate | ——= dx Use the
” [ s
-2

result in part (i).
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Solution

1

() y=xldx+12=x(4x+12)2
& =V4x+12 i(x)+(x)i\/4x+12
dx dx dx

=4x+12 + x[ (4x+12) J(4)

2x
=VaAx+H12 + ——m—m—
Vax+12
2
(\/4x+12) +2x
T Jax+12
4x+12+2x
Vax+12
_ 6x+12 _ 6(x+2) Shown.
Vax+12  Jax+12
= k=6 Ans.
(i) J‘ 3x+6 _(° 3(x+2)
\/4x+1 -2 VJ4x+12
Multiplying numerator and denomenator by 2
_1[5 6(x+2)
-2 \J4x+12
. d 6(x+2)
from part (i): —xV4x+12 =—=
part (i) dx Nax+12
I X 4x+12) dx
2
1
=5|:x\/4x+121

I I
=636 - (=24 |=[36+4] =20 Ans.

4  iori012 Either

The diagram shows part of a curve for which

%=80032x. The curve passes through the point

A{2)

The line y =5 meets the curve at the points A and C.

(1) Show that the curve has equation y =3+ 4sin2x.
(3]
(i) Find the x-coordinate of the point A and of the
point C. [4]
(iii) Find the area of the shaded region. [5]

Thinking Process
(i) To find equation of the curve # integrate the
gradient.
(i) To find the x coordinates # solve the equation of
line and curve simultaneously.
(i) Area of shaded region = (area under the curve
—area under the line).

Solution

1) %280052)6 = dy=8cos2x dx

integrating both sides,
j dy :jscoszx dx

_ 8sin2x

= +C

= y=4sin2x+C

T
the curve passes through B[Z’ 7)
= 7= 4sin2(]ZT) +C

- 7=4sin§+C = 7=4()+C = C=3

O  equation of the curve is,
y=4sin2x+3
or y=3+4sin2x (Shown).

(ii) Solving equations of the line and curve
sumultaneously,

3+4sin2x=5

sin2x = l
2

6
- s
127 12

= 2x=—,
6

. /i
= x-coordinate of A is E

and x-coordinate of C is %T (Ans).
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(iii) Equation of the curve: y =3+ 4sin2x 6 iorioln)
Equation of the line: y=35
. 1
Area of the shaded region (i) Find J \/1T 2]
X
= area under the curve — area under the line
2
s (i) Given that y = al s
:J.;Tz((3+4sin2x)—5)dx I+x
12 dy_ A Bx
. show that & s +-——-, where A and
20 X 1+
:I12(4sin2x—2)dx (Vi)
% B are to be found. [4]
s
cos2x 12 (iii) Hence find J dx
e, (]
2
m
I and evaluate J‘ dx [4]
:[—200s2x—2x }” (M)

12

57
=| —2c0s2(>) = 2(*—
[ cos26,)” ( Thinking Process

20052( ) 2(*)J (i) Intergrate using I(ax +b)"dx = %

+

(i) Differentiate # use quotient rule, i.e.

)
1
(zcos<—) jf[ 2c0s(— **) d (ﬂjzw';v'“.

\/— ” 3 ” dx\v v
=-2(= 7) ? 7 E (i) Apply anti-differentiation:
=J3+3- j d%f(x)zf’(x) = .[f’(x)dxzf(x)
=23 —%”:1.369:1.37 unit>  (Ans). Solution

1 L
——— dx=|(I+x)2 dx
5 (J10/P2/Q1) j I+x I
1 _7(1+1x) ’ +C
Findj 2+5x———— |dx. [3] -5+l
(x=2) 1
:(1+1x)2+C:2x/m+C Ans.
Thinking Process 2
o (i) y=—
Integrate # usefx”dx=n+1+c. N+ x
1
Solution gy W@ 72 g
1 dx W1+ x)?
I[2+5x— zjdx
(x=2) [m— _] WTTxy
:I(2+5x—(x—2)_2)dx .
= 2/l ——— | x——
¥ x=2 ( ' V1+x]x(\/1+x)2
:2x+5(?)—_71+c 21+ x X
T (WT+x) \/1 3
PRI SR S (Ans). NI+ (l+x)
27 x-2 _ 2
\/1+x (\/1+x)
2 -X
= —
l+x (1+x)

= A=2, B=-1 Ans.
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(i) Consider

X
— dx
Iw1+x)3

from part (ii), we have,

d( 2x jz 2 x
de\V1+x) J1+x (1+x)

x o _ 2 _d( 2xj
WM+x)? i+x dx\V1+x

integrating both sides,

Ja ae= [ o [l

- 2.[(1 fx) 2 -2

NI+ x

1

2
(1+x) ) - 2x T K

Nl+x
2x
=41+ x — +K
’\/_

1+x

=2(

=

7 (N10/P1/Q12 Either)

A curve is such that % =4x*-9. The curve passes

through the point (3, 1).

®

Find the equation of the curve. [4]

The curve has stationary points at A and B.

(i) Find the coordinates of A and of B. [3]
(iii) Find the equation of the perpendicular bisector of
the line AB. [4]

Thinking Process

Integrate jl function to obtain equation of the

X
curve.

To find stationary points, equate g—y to 0.
X

To find equation of O bisector of AB # find the
gradient of O bisector of AB. # Find the mid-point

of AB.

Solution

®

(i)

%:4;8—9 = dy=(4x*-9)dx

integrate both sides

J'dy :j(4x2 -9) dx
3
= y:4(%)—9x+c

the curve passes througn (3, 1)

3
= 1 =4(?) -93)+C

1=36-27+C
= 1=94+C = C=-8

4
O equation of curve is: y = §x3 -9x—-8 Ans.

. . d
For stationary points, Ey =0

= 4xX*-9=0 = xzzz = x=z

From part (i), equation of curve is:

4 3
=—x -9x-8
Y73
3
when x=—, y 403 3 -8
32 2
4 27 27
=—(—)——-8
3(8) 2
_2_& 8 17
2 2
. 3
0 pomtAE,—17 Ans.

3
When x=—§, y=i(—§] —9[—§j—8
2 30 2 2

:ﬂ(ﬂ)-yﬂ-g
38 2
_2+ﬂ—8:1

2 2

U  point B(—%, lj Ans.



